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A method of de te rmin ing  the cap i l l a ry  conductance of unsa tura ted  porous  m a t e r i a l s  with a 
m o i s t u r e  content c lose  to sa tura t ion  is desc r ibed ,  and some  r e su l t s  a r e  given. 

The  mot ion of a liquid in cap i l l a ry -po rous  ma te r i a l  s is of g rea t  p rac t i ca l  in te res t .  An exact  ana ly t i -  
cal  solution of the p rob lem is e x t r e m e l y  difficult owing to the complexi ty  and r a n d o m n e s s  of the pore  space  
geomet ry .  Hence,  the empi r i ca l  Darey  law 

] = - -  KV@. (1) 

is  usual ly  used to p red ic t  the mot ion of a liquid in c ap i l l a ry -po rous  m a t e r i a l s .  

The cap i l l a ry  conductance K, which depends on the s t ruc tu re  of the sample  and the p r o p e r t i e s  of the 
l iquid,  is de te rmined  exper imen ta l ly ,  

I t  was  shown in [1] that  the Darcy  law can also be applied to a flow in unsa tura ted  media .  In this 
c a se ,  however ,  the cap i l l a ry  conductance is a function of the m o i s t u r e  content.  

We cons ider  a porous  sample  of volume V lying on a grid in a chambe r  and impregna ted  with liquid 
to a m o i s t u r e  content U. Le t  the initial  a i r  p r e s s u r e  above the sample  in the chambe r  be Pi .  An inc rea se  
in p r e s s u r e  by ~P  will  cause  the liquid to flow out of the sample .  The fl0w will continue as long as  there  
is  exces s  p r e s s u r e  in the liquid, equal to the d i f ference  between the ex te rna l  and cap i l l a ry  p r e s s u r e  P = P f  
- P c a p .  The excess  p r e s s u r e  will  d e c r e a s e  as the sample  d r i e s  out, s ince the cap i l l a ry  p r e s s u r e  i n c r e a s e s  
with reduct ion  in m o i s t u r e  content.  This  p r e s s u r e  d i f ference  is the moving force  of the p r o c e s s .  The 
potential  function can then be wr i t t en  in the fo rm ~ = P / p g .  Combining equation (1) and the continuity 
equation, we obtain 

0U I 0 [K(U) 0P ] .  (2) 
0-7-= T j 

The boundary conditions a r e  based  on the following cons idera t ions .  At  the lower  boundary the liquid p r e s -  

su re  is a lways a tmosphe r i c  

P (0, t) = 0. (3a) 

T h e r e  is no flow through the upper  boundary of the sample  

0P 
az-'  L == 0. (3b) 

In m o s t  c a se s  (2) is nonlinear  and is difficult to solve analyt ical ly .  We can, however ,  make  ce r t a in  a s -  
sumpt ions  [2] which l inear ize  this equation and enable us to solve it. We a s s u m e  that  ~P  is smal l  enough 
for  K to be r e g a r d e d  as  approx ima te ly  constant  dur ing the p r o c e s s .  This  means  that  only a smal l  change 
in m o i s t u r e  content  is p e r m i s s i b l e .  This  a s sumpt ion  al lows us to take K out f rom under  the different ia t ion 
sign. In addition, the assu~nption that  the m o i s t u r e  content  is a l inea r  function of the cap i l l a ry  p r e s s u r e  
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Fig.  1. D i ag ram  of expe r imen ta l  appara tus :  1) a i r  cy l inders ;  
2) working cham be r ;  3) ve s se l  for  mainta ining constant  p r e s -  
su r e ;  4) m a n o m e t e r ;  5) m e a s u r i n g  bure t ;  6) t he rmos ta t ;  7) 
t h e r m o c o u p l e s .  

u (P) = a + ~ (Pf  - -  Pcv) ,  (4) 

where  a and b a r e  constants .  Although none of the assumpt ions  is absolute ly  accura t e  any requ i red  a c -  
cu racy  can  be obtained by making  Ap suff icient ly smal l .  Substituting (4) in (2) we obtain 

OP K O"-P 
Ot pgb Oz ~- (5) 

The coeff ic ient  in f ront  of the second der iva t ive  is just  the hydrodynamic  diffusion coeff icient  D of 
the liquid: 

[ D -  K 
pg (dU/dP) 

Equation (5) with boundary conditions (3a) and (3b) can be solved by the method of sepa ra t ion  of va r i ab les .  
Using the comple te  solution of this equation P(z ,  t) and condition (4) we can wri te  an express ion  for  the 
m o i s t u r e  content 

U(z, t) =:a- / -  b 4AP Z I sin( n~z / e x p ( & - D t ) ,  (6) 

where  

a = (,ln/2L), n == 1. 3, 5, 7 . . . .  

We a r e  in t e res t ed  in the total m oi s t u r e  content of the sample  

L 

exp {-- a'-'Dt). (7) 
J 
O n = l  

The outflow at  any instant  t will then be 

8 ~x"-Dt)] Q ( t ) = U  i - U ( t ) : : Q 0  1 - -  a ~ exp(- -  . (8) 

This  exp re s s ion  is used  to ca lcu la te  the cap i l l a ry  conductance in each in terval  of m o i s t u r e  content.  

The appara tus  used to de t e rmine  the re la t ionship  K = f(U) reproduced  the boundary conditions sp ec i -  
fied for  the solution of equation (2) (Fig. 1). Gas f rom the cy l inders  1 en te red  the working chamber  2, 
which was  a c l ea r  p las t ic  cy i inder  9.5 cm in d i ame te r  and 15 cm high in a t he rmos ta t ed  jacket .  The ves se l  
3 provided for  regula t ion and main tenance  of a constant  p r e s s u r e  of a few c e n t i m e t e r s  of wa t e r  column in 
the working cha m be r .  The outflow was m e a s u r e d  with a bure t  5, and the p r e s s u r e  was  m e a s u r e d  with a 
U-tube m a n o m e t e r .  The porous  m a t e r i a l  was  a bed of quar tz  sand 8 cm high. The grain  d i ame te r  was 
0.25-0.35 m m .  Theore t i ca l ly  the poros i ty  of a s y s t e m  composed  of identical  sphe re s  should not depend 
on the par t i c le  s ize .  In natura l  m a t e r i a l s  and carefu l ly  graded sands ,  however ,  the poros i ty  depends on 
the par t i c le  s ize  and the mode of packing and i n c r e a s e s  with r e d u c t i o n o f  d i ame te r .  An index, though not 
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Relationship In (Qo-Q) 
= f(t) for quartz sand (d ~ 0.25-0.35 
mm);  Pi  = 34 cm H20; Pf  = 38 cm 
H20; Ui = 29.8%; Uf= 26.1%;K 
= 110.10  -s c m / m i n ;  t,  min. 

a m_easure, of the capi l lary  conductance is the active poros i ty  
- the rat io of the volume of all the communicat ing pores  to the 
total volume of the sample.  In the case  of finely granular  m a -  
ter ia ls  the active and absolute porosi t ies  a re  equal, since all the 
pores  are  available for movement  of liquid. In the present  in-  
vest igation the porosi ty  was measured  by the pycnometr ic  method 
[4] and was 39%. The tempera ture  in the bed was monitored with 
thermocouples .  As soon as the t empera tu re  in the bed had be-  
come steady the p res su re  was increased  by AP and the outflow 
Q was measured  as a function of t ime. When equilibrium c o r -  
responding to mois ture  content U was established the p re s su re  
was again increased.  The p re s su re  change &P was made small  
enough to ensure  an insignificant change in mois ture  content and 
the fulfilment of the condition K ~ const. F r o m  the experimental  
data we constructed graphs of the relat ionship In [Q0-Q(t)] = f(t), 
one of which is shown in Fig. 2. As Fig. 2 shows, the graph is 
a s t ra ight  line with angle of inclination ft. The initial port ion of 

the curve was not used for the calculation, since in the case of small  t imes  not only the f i rs t  t e rm,  but 
also t e r m s  of  higher o rde r ,  in the expansion in the se r i e s  in (8) have to be included. Proceed ing  from 
equation (8) we can determine D f rom the gradient:  

D ~  = tg~ 

and, using the determinat ion of coefficient D and the total outflow Q0, we obtain a formula for the capi l lary  
conductance 

K =  Q. tg~  PE 
AP V~. 2 

Measurements  of the capi l lary conductance were  made for mois ture  contents 21.5-38%. Figure 3a 
shows the obtained relat ionship between K and the mois ture  content in a bed of quartz sand (d ~ 0.25-0.35 
mm). I t  is difficult to compare  these values of K with previously published va lue s .  Most of the published 
values of capi l lary conductance a re  for unsaturated soils  and ground. In addition, these published values 
re la te  to a region of mois tu re  contents far  f rom saturat ion and, hence, K dec reases  steadily with r e d u c -  
tion of U. 

As Fig.  3a shows, the curve  K = f(U) has two maxima in a par t icu lar  region at high mois ture  con-  
tents .  To facili tate the explanation we will use Fig. 3b, which shows a plot of  capi l lary  conductance agains t  
external  p r e s su re .  The outflow from the bed begins when Pl = 19 cm H~O. The f i rs t  maximum is observed  
a t  P2 = 24 cm HzO and the second at P3 = 31 cm H20. Since at equilibrium the external  p r e s s u r e  is balanced 
by the capi l lary p r e s s u r e ,  we can link pore radi i  r t ,  r~, and r 3 with p r e s s u r e s  Pt ,  P2, and p.~. The ca l -  
culation showed that r~ = 0.0060 cm,  and r 3 = 0.0046 cm. A sand bed is a sys tem penetrated by capi l lary 
tubes with their  axes following the line of the surface of the spherical  par t ic les .  The capi l lary  radi i  a l t e r -  
hate regular ly  f rom the maxtmtun to the minimum value. In the case  of hexagonal packing the pores  are  

a b 
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Fig. 3. Capi l lary conductance of quartz sand as a func-  
tion of: a ) m o i s t u r e  content; b) external  p res su re .  K, 
cm/min; P, cm H20; U, %. 
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of two types  - t e t r ahed ra l  (Rtetr  = 0.288 Rpart)  and rhombohedra l  (Rrhom = 0.414 Rpar t ) .  The min imum 
pore  rad ius  is 0.155 Rpa r t  [3]. In a rea l  porous  medium,  however ,  where  the pa r t i c l e  radi i  have a de -  
finite sp read ,  the re  a r e  a lso  po res  with o ther  radi i ,  but these  a r e  few in number .  When the p r e s s u r e  is 
i nc rea sed  wa te r  begins  to flow out of  the l a r g e s t  po re s .  As the p r e s s u r e  i n c r e a s e s  fur ther  the sample  
b e c o m e s  d r i e r .  When the ex te rna l  p r e s s u r e  is equal to the cap i l l a ry  p r e s s u r e  in the rhombohedra l  po re  
(in this case  P r h o m  = 23 cm H20, R rhom = 0.0062 cm) ,  the capi l la ry  conductance i n c r e a s e s  and there  is 
a m a x i m u m  on the curve  of K = f(U). Th is  is in good a g r e e m e n t  with exper iment ,  s ince the values  of 
P r h o m  and Rrhom a r e  c lose  to P2 = 24 cm H20 and r 2 = 0.0060 cm.  

The second m a x i m u m  of cap i l l a ry  conductance co r r e sponds  to the outflow f r o m  t e t r ahedra l  po res  
(Rtetr  = 0.0043 cm;  P t e t r  = 33 cm H20 ), which is  a l so  c lose  to the exper imen ta l  va lues  P = 31 cm H20 
and r 3 = 0.0046 cm.  Since there  a r e  only half  as  many  t e t r ahed ra l  po re s  as  rhombol iedra l  po res  and the 
cap i l l a r i e s  of  s m a l l e r  rad ius  offer  g r e a t e r  r e s i s t a n c e  to mot ion of the liquid, this  second m a x i m u m  will 
be  s m a l l e r  than the f i r s t .  

Thus ,  the cap i l l a ry  conductance of any bulk porous  m a t e r i a l  can be m e a s u r e d .  The behavior  of the 
cu rves  of K and m o i s t u r e  content  agains t  p r e s s u r e  pro~cide informat ion  about the pore  radius  dis t r ibut ion.  
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N O T A T I O N  

is the bulk liquid flow; 
is the cap i l l a ry  conductance;  
is the m o i s t u r e  content;  
is  the potential  function; 
is the initial  p r e s s u r e ;  
is the final p r e s s u r e ;  
is  the bed height;  
i s  the bed vo lume;  
~s the densi ty of liquid; 
is the acce l e r a t i on  due to gravi ty ;  
is the hydrodynamic  diffusion coeff icient ;  
is the outflow; 
is the t ime ;  
a r e  the pore  rad i i ;  
is the pa r t i c l e  radius .  
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